Multidimensional sum with m-th power of min.
Problem with a solution proposed by Arkady Alt , San Jose , California, USA
For any given natural numbers m > 1,k > 2 prove that

SN S min i in, ik} = zm](—l)m—"( Y+ 1) = ) spn ),

i11i21 i=1

orz Z Zmln {ir,in,..., ik} = ZZ( 1)'”’( )( )ni‘-fsk+m_i(n))

i1=1 ir=1 = i=1 j=1
where s,(n) = ka,p e NU{0}.
k=1
Solution.

n n n
Let omi(n) = D D ... D min"{i1,iz,..., ik}
i1=1 iy=1 ir=1
min™<{iy,iz,..ik}
Since min"{iy,is,... i} = > 1 and
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1 <t <min"{iy,ia,...,ixy <

1 <t<ip

n min™<iy, 0,0k
then o,x(n) = Z Z > Z 1 = |D.x|,where D, is set of all

i1=1 ir=1 ir=1

k + 1-tipples (¢,i1,i2,...,i;) which satlsfy to system of inequalities

1<i.<mnr=12,...,k 1 <t<n™
=
1<t<i®™r=12,...,k (Wt <i, <nr=12,.. Lk

Hence, oui(n) =2 >, >, ... X, Z(n—rf1+1)

I O S IO B I T
n—-1
Since {1,2,...,n™} = U{p’" +L(p+D"rand [yt | =p+1forte {pm+1,(p+1)"}

n— 1(p+1)m n—1 (p+1)"
then o,i(n) =3 3 (-4 1+ 1D =X 3 (n-p)* —Z<(p+1)'" p™)(n-p)~.
p=0t=p"+1 p=0t=p"+1

n—1 n—1

In particular, o14(n) = Z((p +1)-p)n-p)t = Z(ﬂ p) = ZP ,
n—1

o2k(n) = 2%((1% 1)?=p)(n-p)f = ZO(ZJH D(n-p)* = ZI(Z(n -p)+ 1)p* =
p= p= p=

@n+ 1) Y ph -2 p.
p=1 p=1
Note that
n—1 n—1 n—1
omi(n) = Z%((p +1)" = p™)(n—p)F = Z%(p +1)"(n+1-@+ 1) =2 p"(n-p)* =
p= p=

p=0



n n—1

S pin+1-p) =3 p"(n-p)*

p=1 p=1
n—1

Let §,i(n) = D p"(n—p)* then 6, x(n) = 8ms(n + 1) — Spi(n).
p=1

n—1 n—1 n—1

Also note that §,.4(n) = Y. p"(n—p) =S (n—m-p)"(n-p)" =Y. (n—q¢)"q* = Sm(n)
p=1

p=1 g=1
and
St (1) + S () = ip’"(n -p)+ ip’””(n -p)f = 2;?’”(” =) (n=p+p) = nui(n).
In particular, " " "
S14(n) = ip(n -p)f = i(ﬂ -p)p* = nip" - ip"“ =nsp(n—1) =spi(n—1)
P= = P= p=

(checking o1 4(n) = 014(n+ 1) =014(n) = (n+ 1)si(n) —siri(n) —nseg(n—1) + spn(n—1) =
si(n) + n(sk(n) —sg(n— 1)) = (k1 (n) — 51 (n = 1)) = sx(n) + n « n* = n*! = 5(n))

and 024(n) = né14(n) — 0141 (n) = n(nsk(n—1) —spi(n—1)) —nsp(n—1) + sp2(n—1) =
n?sp(mn—1) = 2nsp(n—1) + sp2(n—1).

Suppose that &,x(n) = >(-1)""( m )riskm-i(n— 1) then
pary
Om1k(n) = nOmp(n) = Spmpr1(n) = Z(—l)m_l( n )ni+lsk+m—i(n -1)- Z(—l)m_'( m )nisk+1+m_i(n
i=0 ! i=0 !
lz:%(_l )m+1—(i+1)< l’;’l )ni+1sk+m+l—(i+1)(n _ 1) _ iz;(_l)m—i< l’:l )nisk+l+m—i(n _ 1) _

m+1

Z(_l)’””—i( iTl )nisk+m+1_,»(n -+ Z(—l)ml_i( 1’;’1 )ni5k+1+m—i(n — 1)+ (1) sprm(n = 1)
=l i=1
m+1
— m+l—i__j . _ m m _ ml B _
;( D™ 0 S kemer-i(n 1)(<i—1>+< ; >>+( D)™ Spetam(n = 1)
m+1 -

2(_1)m+1_ini5k+m+l—i(n - 1)( m + 1 ) + (_1)m+1sk+m+l(n - 1) = Z(_l)erl_i( mn + 1 )ni5k+m+l—i(
=1 ! 0 !

Or, using formal operators, we can obtain the same result much shorter:
Since Oprix(n) = nOmp(n) — Smi1(n) @and 81 4(n) = nsi(n — 1) — 541 (n — 1) then using
identical
operator / defined by I(a;x) = a; and shift operator S defined by S(ax) = a1 we obtain
S1x(n) = (n +I=8)(sx(n—1)),824(n) = (n + 1= 8)*(sx(n - 1)). Since from supposition
Omi(n) = (nl—8)"(sx(n—1)) follow
Omeri(n) = (n = 8)(Omu(n)) = (nl = 8)(nl = 8)" (sk(n—1)) =

(nl — 8)"™ (s¢(n — 1)).Hence ou(n) = 3 (-1 )"H'( m ) (1 + 1) semei () = nisiams(n = 1)).
i=0
Since simi(n —1) = Spami(n) — n* then

omi(n) = Zm;(—l)'"—"( ’:” ) ((n + 1) Spimi(n) = 0 (Spem—i(n) — nk+’”‘i)> =
zm:(—l)’"_’( ’:1 ) (((n +1) - ni>sk+m_i(n) +n' . nk+’"‘i> = zm:(—l)'"_’( ’:1 ) ((n +1) - ni>sk+m_i
i=0 i=0



phtm g(_l)m—z( r:’l ) = g(—l)m—z( 7:’1 ) ((n +1) - ni>sk+m_,-(n) = E(_l)m—z( I’:’l ) <(n +1) —n
Thus,finally

ona) = S (M) (1) =1 stemt) = B30 () (D))

i=1 j=1

As example we apply obtained formula to determine o33(n) :
3
033(n) = Z(—I)H( ? ) ((n +1) - n">sk+m_,-(n) = <(n +1)° - n3>S3(n) -
i=1
3((n+1)* = n?)sa(n) +3((n+ 1) —n)ss(n) = Bn®+3n+ 1)s3(n) = 32n + 1)sa(n) + 3s5(n).

2 _ 2 2 2 _
Since s4(n) = n(n+1)(2n+é())(3n +3n 1),S5(n) _n (n+1) (12;1 +2n—1) then

n(n+1)*Gn2+3n+1)  n(n+1)Cn+1)’Gn+3n-1) .\ ni(n+1)*Qn? +2n-1)
4 a 10 4
%n(n + )2+ 1) + 20 +2).

63,3(n) =



